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PACS 73 . 43 . Cd - Theory and modeling 

Abstract. - In this work we provide a systematic explanation to the unusual non-monotonic 
behavior of the Hall resistance observed at two-dimensional electron systems. We use a semi- 
analytical model based on the interaction theory of the integer quantized Hall effect to investigate 
the existence of the anomalous, i.e. overshoot, Hall resistance Rh- The observation of the 
overshoot resistance at low magnetic field edge of the plateaus is elucidated by means of overlapping 
evanescent incompressible strips, formed due to strong magnetic fields and interactions. Utilizing 
a self-consistent numerical scheme we also show that, if the magnetic field is decreased the Rh 
decreases to its expected value. The effects of the sample width, temperature, disorder strength 
and magnetic field on the overshoot peaks are investigated in detail. Based on our findings, we 
predict a controllable procedure to manipulate the maxima of the peaks, which can be tested 
experimentally. Our model does not depend on specific and intrinsic properties of the material, 
provided that a single particle gap exists. 
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Introduction. — One of the most commonly used 
material characterization method is to measure the resis- 
tance of the sample. The current- voltage {T V) measure- 
ments provide information about the scattering mecha- 
nisms, i.e. the properties of the impurities. The resis- 
tivity of a material is usually determined by its intrinsic 
properties, however, these properties might also depend on 
the external parameters such as temperature T, external 
magnetic field B etc. Moreover, if the sample is subject 
tp a perpendicular B field and the transverse resistivity 
(namely the Hall resistivity) is measured, one can also de- 
termine the type and the number density of the charge 
carriers. The Hall resistivity is linear in B for a typical 
three-dimensional materials, which is drastically altered 
at two-dimensional systems to a stepwise behavior. This 
phenomenon is known as the integer quantized Hall effect 
(IQHE) pp. In the early days of the IQHE, the quantized 
plateaus are attributed to the intrinsic properties of the 
system together with the gauge invariance principle [2,3. 
This picture is named as the localization theory [3j and 
is still widely used to explain the IQHE at low-mobility 
(< 10 6 V/cm.s) and large (> 20 fim) samples. Interest- 
ingly, the transitions between the quantized Hall plateaus 
are commonly linear in B similar to the classical Hall ef- 



fect, also in 2D. However, non-monotonic anomalous peaks 
at the low B side of the plateaus are also reported in many 
different materials and are discussed in a fairly varying 
contexts [5HS]- The non-monotonic increase of the Hall 
resistance is known as the overshoot, and is usually at- 
tributed to impurity effects, similar to IQHE. Recently, 
resistance overshoot is experimentally investigated in rel- 
atively narrow samples and the results are discussed in the 
context of interaction induced incompressible strips in a 
phenomenological manner |10j . If a two-dimensional elec- 
tron system (2DES) is subject to a perpendicular B field, 
by the virtue of Landau quantization and direct Coulomb 
interactions, the electronic system is composed of com- 
pressible and incompressible strips. The Fermi energy is 
pinned to one of the Landau levels at the compressible 
regions and falls in between quantized levels at the incom- 
pressible regions [TTJIH]- Note that the local filling fac- 
tor v(x) — 27rZ 2 n i(x) is an integer at the incompressible 
strips, where I = yh/eB is the magnetic length and n e i(x) 
is the local electron number density. These co-existing 
strips change the intrinsic properties (e.g. screening, con- 
ductivity) of the electronic system considerably [T3] . The 
compressible regions behave like a metal, due to high den- 
sity of states (locally), whereas the incompressible can 
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be considered as insulators. The existence and transport 
properties of these regions strongly depend on the temper- 
ature and B mainly, among other system parameters |14j . 

Here, we present our results that provide a self- 
contained calculation scheme to explain the observed re- 
sistance overshoot within the interaction picture of the 
IQHE 14, 15 . First we discuss the formation of the com- 
pressible/incompressible strips depending on the sample 
properties giving an analytical description together with 
a simplified transport calculation. We show that, under 
certain conditions two or more (evanescent) incompress- 
ible strips assuming different filling factors can co-exist 
and contribute to the current, hence Hall resistance. In 
the next step, we calculate Hall resistances within a lo- 
cal version of the Ohm's law and numerically investigate 
the dependencies of the overshoot on temperature, disor- 
der and sample size. At a final section, equipped with the 
outcomes of interaction based model, we predict that the 
resistance overshoot can be manipulated by changing the 
edge profile of the system. 

The semi-classical model. — In this section we 
investigate the formation and deformation of the in- 
compressible strips within the frame work of Chklovskii 
et.al. [12] and Siddiki et.al [H], respectively. The earlier 
work is constructed on the electrostatic equilibrium condi- 
tion of the 2DES in the presence of an external B field. It 
is assumed that the 2DES resides on the z = plane, con- 
fined by an electrostatic potential due to a homogeneous 
donor layer with a constant density tiq and the electrons 
are depleted from the edges by an amount of Id, by the 
virtue of metallic in-plane gates. Translational invariance 
is imposed in the y direction. Then, the solution of the 
Poisson equation satisfying the above discussed boundary 
conditions together with the analytic continuation yields 
an electron density distribution of the form [T2"] 
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It can be shown that, a dipolar strip (i.e. incompressible 
strip) should form in the vicinity of Xk, which is deter- 
mined by the condition k = 2itl 2 n e \(xk) 1 k being an inte- 
ger. The incompressible strip is electrostatically unstable 
if one neglects electron-electron interactions, the stability 
condition yields a finite width of the strip given by 
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where k is the dielectric constant of the material and AE 
is determined by the single particle energy gap. The gap 
can be either the Landau (fou) c ) or Zccman (g* fisB) gap, 
where uj c = eB/m is the cyclotron frequency and fis is 
the Bohr magneton together with the effective g* factor. 
We specify the strength of the gap by a = g* ^bB /hui c , 
if the gap is due to Zeeman splitting; otherwise is given 
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Fig. 1: Analytically calculated incompressible widths in units 
of a* B (« 9.81 nm for GaAs). The Fermi wavelength Xf con- 
sidering a typical density of 3 x 10 m~ , horizontal line. The 
shaded boxes indicate the quantized Hall interval, whereas di- 
agonally shaded region depicts the overshoot interval. We set 
t — 7 a* B and Id = 2Qa* B , leading similar results with the self- 
consistent calculations 



by 1-a. Note that, at Si/SiGe hetero-structures an ad- 
ditional gap exists due to valley degeneracy. Although, 
the above non-self-consistent scheme seems to be reason- 
able in handling the electrostatics of the 2DES, numer- 
ical self-consistent calculations show that the Chklovskii 
picture fails to describe the electron distribution [TBI [17] . 
This is due to the oversimplified assumptions of bound- 
ary conditions and essentially is due to the fact that the 
2DES is by no means a perfect metal, as considered at 
the mentioned work. Even utilizing the above boundary 
conditions, self-consistency alters the estimated positions 
and the widths strongly [TJ]. We will re-present the self- 
consistency below. However, with a slight modification of 
the density distribution inspired by the self-consistent cal- 
culations one can still obtain the widths that coincide with 
the experimental findings [18]. We describe the electron 
density by 
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where t determines the width of the electron poor region in 
front of the metallic contacts. The widths can be obtained 
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a* B being the effective Bohr radius. In Fig. [TJ we show 
the calculated widths of the incompressible strips with 
v = 1..4, considering a fixed width of the electron poor 
region and an effective g*, enhanced by the exchange in- 
teractions. We observe that more than one incompressible 
strip with different v can co-exist below v = 2, which we 
will reconsider their evanescent properties later. For the 
moment, we would like to calculate the amount of cur- 
rent confined to these strips. Note that, within the in- 
compressible strips the drift velocity (vd(x) cx E x B) 
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Fig. 2: The evolution of the incompressible strips as a function 
of normalized lateral coordinate (horizontal axis) and B field 
(vertical axis), considering v = 2 dark (red) and v — 4 darker 
(blue). We set la/d — 0.02, where d = 10 /im, at default 
temperature Qd = kT/E% = 0.01. Inset depicts the overlap 
region. 

is finite, whereas at the compressible strips it is zero, 
since the Hall field Eh(x) equals to zero, due to perfect 
screening. Then, the current density can be calculated via 
j v {x) = —en i(x)vd(x). Recall that, the electron density is 
constant within the strip, whereas Vd{x) is determined by 
the electrochemical potential difference between the source 
and drain contacts. Hence, one can write the total current 
carried by the strip k as 
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Now to determine the Hall voltage, one should also know 
the local conductivities. The longitudinal resistivity (or 
resistance if a square geometry is assumed) is given by 
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since the longitudinal conductivity ai(x) goes to zero 
at the incompressible strip [TO] and Hall conductivity 
<jh(x) = ^v(x), the only contribution to the Hall voltage 
comes from this region |14j . The only unresolved problem 
is now to obtain the quantized Hall voltage, which is not 
the case if k > 2 since it equals to 
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which is not quantized at all. Now we should reconsider 
the existence of more than one incompressible strip as- 
suming different integer filling factors. In fact, having 
many incompressible strips is due to an artefact of the 



Thomas-Fermi approximation which fails to describe the 
electronic system at hand [JJJ HO]. If one considers the 
finite size of the wave-functions, together with the lim- 
itations of the Fermi distribution function at small sys- 
tems, one immediately notices that if the incompressible 
strip becomes narrower than the Fermi wavelength it is 
no- longer a perfect channel without backscattering, i.e. 
ai =/= 0. Hence, only the incompressible strip having a 
width larger than the Fermi wavelength A f can carry cur- 
rent. In Fig. [T] we also show the Fermi wavelength to dis- 
tinguish the evanescent incompressible strips (a^. < Xp) 
from the well developed ones. Now we can say that, if 
there exists an incompressible strip larger than Xf, the 
Hall potential is quantized. We denote these intervals by 
shaded areas in Fig. [TJ If becomes smaller than the 
magnetic length, then the system becomes fully classical 
and is simply described by the well known Drude formal- 
ism [T5]. The interesting transition takes place when the 
condition I < < Xp is satisfied. In this situation, most 
of the current is flowing from the evanescent incompress- 
ible strip, with some background current spread all over 
the sample. In typical samples, due to the strong confine- 
ment at the edges or due to the strong disorder potential 
fluctuations, these evanescent incompressible strips imme- 
diately vanish, just after the quantized Hall plateau disap- 
pears. However, there might be cases where two or more 
of these evanescent strips survive and co-exist, satisfying 
lb < cik < flfc+i--- < Xp. Such a situation is also observed 
in Fig. [TJ where v = 2 and v = 3 incompressible strips 
co-exist. For this case the Hall resistance will be given by 
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satisfying the current conservation, namely I = 1% + 13. 
The second term in the bracket reflects the contribution 
to the current from the v = 2 evanescent incompressible 
strip and one can easily see that, the Hall resistance is 
higher than the quantized value of This is exactly 
the case of the resistance overshoot: it occurs at the lower 
B side of the plateau and strongly depends on the system 
parameters like the Fermi wavelength and geometry {i.e. 
edge profile) 0ITD]. 

Having determined the conditions to observe overshoot 
depending on the existence and properties of the incom- 
pressible strips, next, we investigate overshoot within the 
framework of interaction theory of the quantized Hall ef- 
fect. 

The self-consistent scheme. — In this section we 
summarize the numerical calculation algorithm that pro- 
vides a consistent explanation to the IQHE. We consider 
a 2DES confined to the interval — d < x < d, where d is 
the half-width of the sample. The repulsive Coulomb in- 
teraction among the electrons is described by the Hartrce 
potential, 
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Here K(x,x') is the kernel satisfying the boundary condi- 
tions, V(—d) = V(d) = 0, given as 



K(x, x ) = In 



{d 2 - x 2 ){d 2 - d' 2 ) + d 2 - x' : 



(x — x 2 )d 
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Then the total potential (energy) of the electron is deter- 
mined by 

V(x) = V hs (x) + Vn(x), (11) 

where, the first term is the background potential de- 
scribing the external electrostatic confinement due to the 
donors and is given by 



V hg (x) = -E a ^l-(x/dy 



(12) 



Here Eq = 2ire 2 nod/ k is the minimum of the confinement. 
The solution involves the self-consistent determination of 
the electron density via 



(x) = J dED(E)f(E + V{x) - /Lt* 



(13) 



which is valid in the approximation of a slowly- varying po- 
tential, the namely Thomas- Fermi approximation (TFA). 
Here, f(E) = l/[exp(E/k B T) + 1] is the Fermi distribu- 
tion function with ks Boltzmann constant. The density 
of states D(E) is to be taken from self-consistent Born ap- 
proximation [19| and fi* is the constant equilibrium elec- 
trochemical potential. Since, the overshoot effect is in- 
dependent of the actual origin of the single particle gap, 
from now on we assume spin degeneracy and neglect Zee- 
man splitting. The density of states (DOS) and local con- 
ductivities are determined assuming an impurity potential 
having a Gaussian form |19j 



V(r) 
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where the range R is of the order of the spacing be- 
tween 2DES and doping layer, together with the impurity 
strength Vi. In strong magnetic fields, the Landau levels 
are broadened due to the scattering from the impurities 
and the level width is given by 



4mn]V? I \2-k1 2 ) = (2/n)huj c n/n 
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where nj is the number density of the impurities and r is 
the momentum relaxation time. We express the widths by 
the magnetic energy to characterize the impurity strength 
by the dimensionless ratio 7 = T/Huj c and define the 
strength parameter as calculated at 10 T as 

7/ = [{2rnVgm* /tt/i 2 )(1.73 meV)] 1/2 . (16) 

The above set of equations allow us to determine the elec- 
tron density, electrostatic potential and local conductivi- 
ties in a self-consistent manner when solved numerically 
by means of successive iterations. The details of the cal- 
culation scheme is described in detail elsewhere [14] , 
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Fig. 3: The current density (solid line) and filling factor dis- 
tribution (broken line) as a function of lateral coordinate, cal- 
culated at (a) B=0.38, (b) 0.405 and (c) 4.15. Considering 
default temperature and same parameters in Fig. [2] 



Fig. [5] depicts the calculated filling factor distribution 
as a function of normalized spatial coordinate x/d and 
external field B expressed in units of £l c /Ep = huj c /Ep, 
where E F is the Fermi energy at the center of the sam- 
ple. The dark colored croissant like areas highlight the 
distribution of the incompressible strips. One can see 
that, two evanescent incompressible strips with different 
filling factors, namely v = 2 and 4, co-exist in the interval 
0.4 < B < 0.48. In the following, we will focus on such 
intervals to seek resistance overshoot. 

Starting from the self-consistent quantities we calculate 
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Fig. 4: Magnetic field dependence of the Hall resistance Rh 
at different scaled temperatures Q = ksT/ E% with the sample 
width of (a) 2d — 8 /im and (b) 2d — 12 ^m, 7/ = 0.3. 

the current distribution within the local Ohm's law, relat- 
ing the local electric held E(x, y) to the current density 
j(x,y) via E(x,y) = a(x,y)j(x,y). A typical current dis- 
tribution is shown in Fig. [3] considering three characteristic 
B field values, where a) most of the current is confined to 
the inner strip b) the current is shared by both strips, how- 
ever, flows mainly from the inner strip and c) the current 
is almost equally confined to both strips. We would expect 
to have resistance overshoot in cases b) and c), whereas 
a) would present the classical Hall effect. 

We depict the calculated Hall resistance as a function of 
B in Fig. [4J here we consider two different sample widths 
and calculations are performed at various temperatures. 
One can clearly see the overshoot at the expected B in- 
tervals. The overshoot is smeared by the increase of the 
electron temperature, since the evanescent incompressible 
strip assuming v = 2 is washed out due to the condition 
a 2 < lb- This finding also coincides with the experimen- 
tal results showing that, the overshoot disappears with 
increasing temperature. 

We investigate the effect of temperature on the over- 
shoot in a more detailed manner in Fig. [5J considering a 10 
/itm wide sample and for three characteristic values of the 
B field. One sees that, the Hall resistance is impregnable 
to small temperature variations if the system is out of the 



Fig. 5: Calculated Hall resistance Rh versus scaled tempera- 
ture (G), for different values of magnetic field, (Q c /Ep). The 
sample parameters are 2d = 10 fim and 7/ = 0.05. 

overshoot regime (black solid line with boxes). Meanwhile 
at the overshoot interval Rh depends strongly on the tem- 
perature, broken lines, which is even pronounced at the 
peak maximum. We finalize our discussion, by presenting 
the effects of the impurity strength on the overshoot in 
Fig. [6l Remarkably, the disorder has a minor influence on 
the amplitude of the overshoot, which is seen by the weak 
dependence of the peak depending on 77. This is mainly 
due to the fact that, the impurities only shrink the widths 
of the evanescent incompressible strips via level broad- 
ening. However, it's effect negligible when compared to 
the role of temperature. It is important to note that, we 
did not include the long-range potential variations to our 
screening calculations, which are known to be influential 
in determining the position and stability of the quantized 
Hall plateaus [23]. The effects resulting from long-range 
fluctuations is an open question, which we would like to 
attack in the near future. To summarize, we have shown 
that the resistance overshoot can be obtained within the 
framework of self-consistent screening theory. This calcu- 
lation scheme allows us to investigate the effects of various 
experimental parameters on the overshoot. It is observed 
that, the overshoot depends strongly on temperature, in 
contrast, is immune to short-range impurity scattering. 
From our sample width dependent calculations, we con- 
clude that if the edge effects are dominant the overshoot is 
enhanced. Explicitly, for the large samples disorder effects 
become more important and overshoot tends to disappear. 

Predictions and Conclusions. In the light of 
above results and discussions we predict that, for the 
smooth edge defined samples the overshoot effect should 
be enhanced. The reason is: To have co-existing evanes- 
cent incompressible strips the condition 4 < ak,dk+i < 
Xp should be satisfied, this can only happen if the elec- 
tron density varies slowly, so that the derivative in Eq. U 
becomes small. Hence the strip becomes large. The exper- 
imental test can be as follows, one can define two narrow 
(e.g. 2d ~ 10 yum) Hall bars residing parallel to each 
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Fig. 6: Hall resistance versus magnetic field, calculated for 
different level broadening 7/ considering an 4 /an wide sample 
at default temperature and depletion length. 

other, where one of the Hall bars is defined by shallow 
etching and the other by deep etching. Since, in principle, 
all the intrinsic properties of the material would be the 
same for both samples the observed difference at the over- 
shoots (enhanced at the shallow sample) would point out 
the effects due to the formation of wide evanescent incom- 
pressible strips. A gate defined sample can be utilized as 
well, similar to the ones reported in the literature [2"2"ll2"3"| . 

Another interesting observation would be generat- 
ing overlap of fractional-integer or fractional-fractional 
evanescent incompressible strips. For the overlap of v = 
1/3 and v = 1 one would observe a resistance overshoot 
at the end of filling factor one plateau. However, to keep 
v = 1/3 strip at the edge evanescent is fairly difficult, 
due to small many-body gap, for large magnetic field in- 
tervals. On the other hand, by invoking metallic gates 
parallel to the edges and biasing them positively will re- 
sult in an enhancement of the fractional strip widths. We 
claim that, one can observe an overshoot at the lower end 
of the v = 1 or v = 2/3 plateau due to an evanescent 
incompressible strip of v = 1/3 supported by the recon- 
struction of the edge-electrostatics due to parallel metallic 
strips. For sure, such samples require fairly high mobilities 
(> 2.0 x 10 6 V/cm.s). 

In summary, we analyzed the temperature, disorder, 
magnetic field and sample width effects on the overshoot 
resistance considering the GaAs/GaAlAs heterojunction. 
We obtained that with increasing both the temperature 
and disorder strength the overshoot peak decreases. The 
calculations show that the overshoot resistance as a func- 
tion of magnetic field depends strongly on the edge elec- 
trostatics of the sample. Observation of enhanced resis- 
tance overshoot considering integer and fractional states 
is predicted by manipulating the edge potential profile. 

* * * 
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